The helical twisting power ␤ M determines the pitch of the chiral nematic phase produced when a nematic liquid crystal is doped with a low concentration of chiral solute molecules. Molecules with large ␤ M values have potential applications in electro-optic displays and in optical data storage. This paper describes a new simulation technique which allows the prediction of both the sign and magnitude of ␤ M . The method employs Monte Carlo simulations of a fully atomistic model of a chiral dopant in the presence of a twisted nematic solvent composed of Gay-Berne particles. Calculations are presented for five different chiral dopants, with results that are in good agreement with existing experimental data.
I. INTRODUCTION
In a nematic liquid crystal phase the molecular orientations have a preferred direction of alignment that is given by the director n(r). If a chiral solute is added to the nematic a uniform helical twist of the director is induced such that n͑r͒ϭ͑cos ͑z͒,sin ͑z͒,0͒, ␦ ␦z
ϭkϭconstant. ͑1͒
Here the helical twist is about the z axis and the resulting chiral nematic phase is characterized by its wave number k, or, alternatively, by the helical pitch P( Pϭ2/k). Experimental measurements have shown that different chiral materials exhibit widely different abilities to twist a nematic phase. This effect can be quantified by defining a macroscopic helical twisting power ͑HTP͒ ␤ M ,
where c w is the weight concentration of chiral dopant and r defines the enantiomeric purity of the dopant. Depending on the material concerned, the sign of ␤ M can be either positive ͑right-handed helix͒ or negative ͑left-handed helix͒. Two pure enantiomers of the same material will always have the same magnitude of ␤ M but opposite signs. Recently, there has been considerable interest in the synthesis of materials with high ␤ M values. Such materials find potential applications in chiral nematic films for electro-optic displays, polarization sensitive polymer films, 2 and thermally addressed display materials. 3 As often occurs with other liquid crystalline properties, small changes in molecular structure can give rise to large changes in ␤ M . The physical origin of this effect is found in the changes in the solutesolvent interactions induced by changes in the structure of the chiral solute. 4, 5 The question therefore arises as to how reliable values of ␤ M can be predicted theoretically as an aid to the molecular design of chiral dopants with high twisting powers.
The aim of the current study is to provide a computational path to the prediction of ␤ M for real materials. We present a Monte Carlo method based on statistical perturbation theory, that can be employed to predict ␤ M for most chiral dopants. The method relies on calculating the free energy difference between a chiral dopant and its enantiomer in a twisted nematic phase composed of model mesogenic molecules. We present results for five chiral dopant molecules with widely different values of ␤ M in a generic liquid crystal solvent represented by the well-known Gay-Berne potential. The results of the method are promising, providing good agreement with experimental measurements for these materials. While this method is new, we note that Ferrarini and co-workers have recently presented a rather different approach to the calculation of HTPs based on a mean field description of the interactions between a chiral solute and a liquid crystal solvent. [6] [7] [8] [9] The latter is a single molecule calculation and, at face value, appears to be very different than the method introduced in the current study. However, there are some similarities between the two techniques and we will return to a discussion of these in Sec. IV.
The outline of this paper is as follows: the computational method is described in Sec. II, results are presented for five chiral dopants in Sec. III, and a discussion of the strengths and weaknesses of our technique is presented in Sec. IV.
II. THEORY AND SIMULATION

A. Microscopic helical twisting power ␤
At low dopant concentrations there is a linear relationship between solute concentration and the equilibrium wave vector k 0 . Using the de Gennes definition
where ϭN/V is the number density of dopant molecules and the constant of proportionality ␤ is defined as the microscopic helical twisting power. 1 If a uniformly twisted nematic with wave vector k is doped with small numbers ͑N ϩ and N Ϫ ͒ of a chiral dopant ͑with a microscopic HTP of Ϯ␤͒, then the elastic part of the free energy can be written as 
where V is the volume of the system and K 2 is the twist elastic constant. Following Allen, 10 in the limit of infinite dilution (N Ϫ ,N ϩ →0), so that
This expression is valid for vanishingly low dilutions and in the low k limit, and allows the determination of ␤ from a measurement of the chemical potential difference between two enantiomers in a twisted phase. Allen 10 and Camp 11 have used Eq. ͑5͒ to obtain values of ␤ for dimers consisting of two touching prolate ellipsoids of axial ratio eϭ5 within a fluid of similar monomeric ellipsoids. The simulations use twisted periodic boundary conditions 12 whereby molecules in the neighboring simulation box ͑ϩz direction͒ are rotated through 90°about the z axis with respect to their coordinates and orientations in the original box ͓and those in the neighboring box in the opposite (Ϫz) direction are rotated through Ϫ90°͔. In the case of hard ellipsoids an analytical expression can be obtained for the excess chemical potential of a dimer composed of two ellipsoids in contact. 11 This leads to an accurate value for ⌬ in Eq. ͑6͒. However, Eq. ͑6͒ can be adapted easily for use with other systems and this will be addressed now.
B. Simulation model
⌬ in Eq. ͑6͒ is equivalent to the free energy change in converting one mole of chiral solute into its mirror image in the presence of a twisted nematic solvent at infinite dilution. We can use statistical perturbation theory 13, 14 to calculate this quantity by considering the mutation of a chiral solute into its enantiomer in the presence of a twisted nematic solvent composed of Gay-Berne particles. We write the internal energy of the combined solvent/solute system as
where the solute energy U solute MM2 is defined in terms of the energy of the solute in the MM2 force field, 15 and the solvent is represented by Gay-Berne potentials U i j GB . 16 We use the form of the Gay-Berne potential studied by de Miguel et al.,
where û i and û j are unit vectors along the Gay-Berne molecular axes. ⑀ 0
͑8͒, is the orientation dependent well depth, and (û i ,û j ,r i j ) is the orientation dependent distance of separation at which attractive and repulsive energies cancel for two Gay 17 form of the Gay-Berne potential ϭ2, ϭ1, the length to breadth ratio ee / ss ϭ3 and the ratios of well depths for end-to-end and side-to-side particles ⑀ ee /⑀ ss ϭ1/5. Following Ref. 19 0 GB ϭ ss is set to 5.7 Å and we set 0 GB ϭ3.325 76 kJ/mol which gives a nematicisotropic phase transition of 409.15 K for a pure system of Gay-Berne particles at the chosen density ͑see Sec. II C͒.
In Eq. ͑7͒, the solvent-solute interaction energy is summed over N GB molecules of solvent and the N solute atoms. The form for U i j MM2/GB is based on the work of Cleaver et al., 20 who derive a generalized potential for two unlike Gay-Berne particles that has been used in two recent studies of hybrid Gay-Berne/Lennard-Jones mesogens, 21, 22 
Here, LJ/GB and ⑀ LJ/GB are given by Eqs. ͑10͒ and ͑11͒: 
C. Monte Carlo free energy simulations
The model of Sec. II B was used in a series of Monte Carlo simulations which evaluated the free energy difference between a chiral dopant and its mirror image in a twisted Gay-Berne solvent. The free energy difference between two systems is given by
where ⌬E BA is the energy difference between systems A and B and the brackets ͗ ͘ A indicate an ensemble average over A.
Equation ͑12͒ is only valid for two systems with similar Hamiltonians. Consequently the mutation of one enantiomer into its mirror image must be carried out in a series of small steps. In practice, we employed two separate sets of simulations. In set 1, the free energy change ⌬F solute/solvent was calculated for the growth of a single enantiomer into the solvent and in set 2 the same quantity was obtained for the mirror image molecule. In each set of simulations we employed a
͑13͒
The energy of the solute molecule was minimized with respect to the MM2 force field prior to the Monte Carlo ͑MC͒ calculations for each of the five chiral dopants shown in Fig. 1 . MC simulations were carried out using 504 GayBerne solvent molecules in a cuboidal cell of dimensions 1:1:2 at a Gay-Berne reduced density of *ϭ0.32, employing the twisted periodic boundary conditions of Allen and Master. 12 A random rotation/translation of the solute molecule and each of the solvent molecules was attempted during each Monte Carlo cycle. Molecular orientations were represented in terms of quaternions and a random rotation was carried out using the approach described in Refs. 23 and 24, with move sizes adjusted to give MC acceptance ratios in the range 35%-55%. The simulations were carried out in the NVT ensemble at 400 K. ͑This corresponds to a nematic order parameter of S 2 Ϸ0.7 for an untwisted Gay-Berne system.͒ Prior to the free energy calculations the solvent was well-equilibrated using 100 000-200 000 Monte Carlo cycles. Our initial free energy calculations employed 10 steps in the calculation of ⌬F solute/solvent . However, these gave unreproducible values for ⌬F solute/solvent and our final results were all based on 40 steps for ⌬F solute/solvent ͑80 steps per dopant͒ using 2000 MC equilibration cycles and 50 000 MC production cycles at each value of using double-wide free energy sampling. 25 The initial point in the free energy calculation required a longer equilibration time ͑100 000 cycles͒ and a longer production run ͑200 000 cycles͒.
Test runs on a 5/2 twisted simulation cell on occasions led to a relaxation of the twist to /2. A 5/2 twist also changed the clearing point from that of the untwisted nematic system. ͑The clearing point of the /2 twisted system was found to be the same as the untwisted nematic.͒ Consequently all production runs used a /2 twist corresponding to a helical pitch of 4ϫ105.829 Å.
III. COMPUTATIONAL RESULTS
The graph in Fig. 2 shows the total computed free energy change for the two enantiomers of dopant A as is varied between 0 and 1 in a sequence of simulations. Each point represents a single simulation as indicated in Sec. II C. The overall solvation free energy for both enantiomers is negative and is dominated by the increase in entropy associated with the addition of the solute. We note however that at small values of ͑when U i j MM2/GB is small͒ the free energy change for both enantiomers is positive. This results from a disruption in the uniform twisted structure of the solvent by the presence of the chiral dopant. This disruption is largest for the enantiomer that ''wants'' to induce a twist in the opposite direction to the imposed twist of the periodic box. It is this factor that is mainly responsible for the different behavior of the two curves in Fig. 2 .
The overall difference in free energy between the two enantiomers in the twisted solvent is given by the difference in the curves at the end point (ϭ1). This value is listed in Table I . K 2 for a Gay-Berne fluid can be obtained by a careful fit of wavevector dependent fluctuations in the ordering tensor. 26 In the case of our solvent K 2 Ϸ6.96ϫ10
Ϫ12 J m
Ϫ1
. The results presented in Table I are encouraging. Within statistical errors the computed HTP values are in reasonable agreement with experimental data and with the exception of dopant E ͑where we find ␤ M ϭ0͒ we are able to successfully predict the direction of twist for each enantiomer. To try and detect the small free energy difference expected between the two enantiomers for material E we carried out additional ͑more extensive͒ calculations. First, we increased the number of perturbation steps from 80 to 240. Second, we increased the length of the equilibration steps at each point to 1ϫ10 7 Monte Carlo cycles and the length of the production run at each point to 4ϫ10
7 cycles for 80 perturbation steps. However, in neither of these two cases were we able to detect a free energy difference between the two enantiomers within the statistical errors associated with the simulations.
Limitations in computer time have not allowed us to test the dependence of the results on the form of the solventsolute energy U i j MM2/GB . Changing the analytical form of U i j MM2/GB , or simply scaling the magnitude of U i j MM2/GB by varying ⑀ 0 mix , will influence the solvent structure around the solute molecule by varying the balance of solvent-solvent and solvent-solute interactions. While our choice of U i j MM2/GB in Sec. II B is logical ͑and can take into account changes in both the solvent and solute through changes in ⑀ 0 mix and 0 mix for each atom-GB pair͒, it would be interesting to test the dependence of ␤ M on U i j MM2/GB in future work.
IV. DISCUSSION
The method we present seems to be a promising technique for the determination of HTP values, and may be of considerable use in the design of materials with high ␤ M . There are however a number of limitations of our method and these will be discussed now.
All our calculations take place in a generic liquid crystal solvent represented by the Gay-Berne potential. Although the potential we use in Eq. ͑9͒ is extremely sensitive to changes in molecular shape, it cannot take highly specific solute/solvent interactions into account. Consequently, we expect specific electrostatic or hydrogen bonding interactions between solute and solvent to lead to ␤ M values that vary considerably from the ones predicted by this technique. In the majority of cases HTP values do not vary much between similar nematic solvents. 4 For this reason we believe it is the excluded volume interactions arising from molecular shape that are the main driving force in inducing helical twist within a nematic. It should be noted however that some important studies have demonstrated how changes to certain nematic solvents can greatly effect the magnitude ͑and in some cases the sign͒ of ␤ M . 27, 5 We believe that these cases are caused by certain conformers being preferentially selected in certain solvents. Each conformer will have a different helical twisting power and this leads to different values of ␤ M being obtained in the different solvents. There is already some evidence for this effect in the work of Ferrarini et al. 28 The approach adopted in the current study can easily be adapted to test this factor by running rigid body simulations with different conformers. Flexible molecules could also be included in the current perturbation studies by adopting the internal coordinate Monte Carlo approach of Ref. 24 , though longer runs would be required to ensure good sampling of conformational space in the presence of the solvent. Finally, we note that the method we use in this study can be extended to represent specific liquid crystals by a fully atomistic treatment of the solvent. This opens up the possibility of an accurate treatment of all solute/solvent interactions. Although atomistic simulations can be extremely expensive in terms of computer time, they are becoming possible with advances in computer speed. 29 A second drawback of our technique is that the free energy differences that we compute are extremely small. This demands long simulations, with accurate Monte Carlo sampling and many steps in the perturbation calculation. It is however useful to note that there are a number of other ways in which ⌬ of Eq. ͑6͒ can be calculated. We are currently investigating several of these. For example, both enantiomers can be included at the starting point of a simulation ͑one on top of each other͒, and the perturbation calculation could involve the shrinking of one enantiomer inside the other until it disappears. This technique could potentially provide Fig. 1 . ͑The sign of ␤ M is specified for the enantiomer with the stereochemistry shown in Fig. 1 greater accuracy in the calculation of ␤ M for fewer perturbation steps. Finally, we note the rather different approach to helical twisting powers adopted by Ferrarini and co-workers. [6] [7] [8] [9] This approach is based on a single dopant molecule, and describes the interaction of the dopant with the solvent by molecular field theory. Here the assumption is made that the surface of a chiral molecule in a nematic environment tends to orientate perpendicularly to the mesophase director. Ferrarini and co-workers derive an expression whereby the helical twisting power is proportional to the orienting strength of the nematic medium and the chirality order parameter. 28, 7 A comparison with the work presented here suggests that both these quantities must contribute to ⌬ in Eq. ͑6͒.
Although direct comparisons with the current work are difficult, we expect the Ferrarini approach to be computationally cheaper than the method we use. The main computational time in our method is taken by the evaluation of expensive solvent-solvent interactions that contribute to U i j GB , and these are not required within molecular field theory. However, we feel that the technique presented here has some potential advantages over the molecular field theory approach. In particular, for flexible solute molecules, the Monte Carlo approach can allow for the substantial change in molecular shape that often occurs as a molecule enters a liquid crystal phase. 21, 29 In molecular field theory it is difficult to know the correct statistical weight for each conformer in a nematic phase without the aid of experimental order parameter data for each part of the molecule. 30, 31 
